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The chiral edge states and the quantized Hall conductance (QHC) in the two-dimensional kagome 
lattice with spin anisotropies included in a general Hund's coupling region are studied. This kagome 
lattice system is periodic in the x direction but has two edges in the y direction. Numerical results 
show that the strength of the Hund's coupling, as well as the spin chirality, affects the edge states 
and the corresponding QHC. Within the topological edge theory, we give the expression of the QHC 
with the winding number of the chiral edge states on the Riemman surface. This expression is also 
compaired with that within the topological bulk theory and they are found to keep consistent with 
each other. 
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I. INTRODUCTION 



The quantum Hall effect (QHE), in which the Hall con- 
ductance (HC) a^y is quantized with extremely high ac- 
curacy, is a typical realization of topological effects in 
condensed matter physics The topological aspect of 
the QHE with a periodic potential was first discussed 
by Thouless, Kohmoto, Nightingale, and den Nijs J3]. In 
their work, the HC is given by the Chern number Q over 
the magnetic Brillouin zone, which is a topological ex- 
pression by the bulk state. Later Hatsugai [4] suggested 
that the HC can be given by another topological quan- 
tity, i.e., the "winding number" of the edge states on the 
complex-energy surface which is generally a high-genus 
Riemann surface. To distinguish them, we call the for- 
mer "the bulk theory" and the latter "the edge theory" . 
The two topological expressions for the HC, which look 
quite different, actually give the same integer number. 

A recent established recognition points out that the 
conventional QHE originates from the non-local effect 
provided by the external magnetic field, more exactly 
speaking, by the vector potential that describes the mag- 
netic field. That means a non-zero vector potential, for 
example, which can be provided by spin-orbit interaction 
or by spin chirality, will induce the QHE even if the ex- 
ternal magnetic field vanishes. This type of QHE can 
be called "the anomalous QHE" [i,[i,[3|. Since Haldane 
performed the famous "Haldane model" in his pioneer- 
ing work l5| in 1988, the anomalous QHE in spin-orbit 
coupled [ gTlli ffOt or spin-chiral ferromagnetic systems 
pH [T^ . [13I . [ij] has been a hot topic in condensed mat- 
ter physics. Based on the tight-binding two-dimenisonal 
(2D) graphite model [l^, Haldane model includes the 
next-nearest neighboring interaction and a periodic local 
magnetic-flux density, which breaks time-reversal invari- 
ance and creates a chirality. However, because the intro- 
duction of local flux is technically difficult, it is not so 
easy to realize Haldane model in real materials. Another 
typical spin-chiral system is the ferromagnetic system, 
which is represented by pyrochlore compounds i?2Mo207 
(i?=Nd, Sm, Gd), in which the spin configuration is non- 



coplanar and the spin chirality appears. Ohgushi et al. 
have first pointed out that the chiral spin state can be 
realized by the introduction of spin anisotropy in an or- 
dered spin system on the 2D kagome lattice, which is the 
cross section of the pyr ochlore lattice perpendicular to 
the (1, 1, 1) direction In this case, it has been shown 
in the topological bulk theory [6,, d7] that the presence 
of chiral spin state may induce gauge-invariant nonzero 
Chern number, thus resulting in a QHE in insulating 
state. However, as stressed by Halperin [31 , this gauge 
invariance has a relation with the edge states which are 
localized near the sample boundaries. Recently we rein- 
vestigated the kagome lattice with boundaries. Using 
the topological edge theory established by Hatsugai in 
the last decade [4|, we interpreted the quantized Hall 
conductance (QHC) in insulating state with the winding 
number of the edge states on the complex-energy surface 

m. 



In the above-mentioned theoretical works [6|, [17|, |19| on 
the 2D kagome lattice, a very important limit has been 
used. That is the hopping electron spins are aligned with 
localized spins at each site of the lattices, which is also 
called the "infinite {strong) Hund's coupling limit" . How- 
ever, the latest detailed experiments on the pyrochlores 
[20| showed that the spin-chiral mechanism alone can not 
explain the anomalous transport phenomena in these sys- 
tems. So in this paper we study the 2D kagome lattice 
with boundaries in a general Hund's coupling region, es- 
pecially in the weak coupling region f2l!|. We find that 
the edge states and QHC are not only affected by the spin 
chirality, but also affected by the strength of the Hund's 
coupling. Varying the spin chirality and the strength of 
the Hund's coupling, two different types of phenomena 
are obtained. In one case that the strength of the Hund's 
coupling is larger than its critical value (see [13] or Sec. 
Ill), there are only two edge-state energies in each bulk 
energy gap. With the help of the topological edge the- 
ory, we obtain that the corresponding HC is quantized as 
2 . . . 

Uxy—^^ in insulating state. However, in another case 
that the Hund's coupling strength is smaller than its crit- 
ical value, there are possibly four edge-state energies in 
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some one bulk gap. In this case, within the topologi- 
cal edge theory, we obtain that the corresponding HC 
is quantized as fTa;y=±2^ in this insulating state, which 
can not occur in the strong Hund's coupling case. We 
also make a comparison between these results and those 
in the bulk theory , and find that they keep consistent 
with each other. 

This paper is organized as the following. In sec. II, 
we introduce the tight-binding model of the 2D kagome 
lattice with boundaries along the y direction and obtain 
the eigenvalue equations for sites. We also write out the 
Hamiltonian of the 2D kagome lattice without bound- 
aries in the reciprocal space in this section. Because the 
analytical derivation is very difficult, then in sec. Ill, 
we numerically calculate the energy spectrum. Using the 
characters of the edge-state energies in the spectrum, we 
study the QHE within the topological edge theory. As 
comparison, we also recalculate the HC in the infinite 
system in this section. Finally we make a conclusion in 
the last section. 




FIG. 1: (Color online) (a) 2D spin-chiral ferromagnetic 
kagome lattice. The dashed line represents the Wigner-Seitz 
unit cell, which contains three independent sites (A, B, C). 
(b) The umbrella structure on the triangular cell of the 2D 
kagome lattice. (c) The 2D kagome lattice system with 
boundaries along the y direction. The bold lines are corre- 
spond to the down and up edges, respectively. 



II. MODEL 

We consider the double-exchange ferromagnet kagome 
lattice schematically shown in Fig. 1(a). The triangle 
is one face of the tetrahedron. Here we consider a pure 
spin model with anisotropic Dzyaloshinskii-Moriya inter- 
actions on a kagome lattice. It consists of an umbrella 
of three spins per unit cell of the kagome lattice. Each 
umbrella can be described by the spherical coordinates 
of the three spins (7r/6,6'), {5tt/6,9), and {—Tr/2,6), as 
shown in Fig. 1(b). The angle 9 ranges from to tt. 

The tight-binding model of the 2D kagome system can 
be written as the following 22 1 



^ = *y (cLcjT + H.c. 
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where Uj is the hopping integral between two neighboring 
sites i and j; cj^ and Ci^ are the creation and annihilation 
operators of an electron with spin a on the site i. Jq is the 
effective coupling constant to each local moment Si, and 
these moments are treated below as classical variables, 
rij is a unit vector coUinear with the local moment S^. 
aap are the Pauli matrices. In the following we change 
notation i (Inis), where (Im) labels the kagome unit 
cell and s denote the sites A, B and C in this cell. The 
size of the unit cell is set to be unit throughout this paper. 
This Hamiltonian has already been discussed in the infi- 
nite Hund's coupling limit Jq ^ oo in Refs. [itI. [l9j . 
In this limit the two cr—'\, | bands are infinitely split and 
the model describes a fully polarized electron subject to 
a modulation of a fictitious magnetic field, correspond- 
ing to the molecular field associated with the magnetic 
texture. 

Now we suppose that the system is periodic in the x 
direction but has two edges in the y direction (see Fig. 



1(c)). Since the system is periodic in the x direction, 
we can use a momentum representation of the electron 
operator 
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(2) 



where R(zms) = (^(;ms), ^(ims)) are the coordinate of the 
site s in the unit cell {Im) and is the momentum along 
the X direction. Let us consider the one-particle state 
\'^ikx))=J2rnsa ms{k,,hl,{k^)\0) . Inserting it into the 
Schrodinger equation H\'^)=E\'$), we can easily obtain 
the following three eigenvalue equations for sites A, B, 
and C, 

- (7 Jo cos O'^mAa + iff Jq siu Q^mAS, 



e ' 4 \l> 



-lAcr 



-K2cos(fc^/2)*„,ca 

- (jJocos9'i',nBa " Joe'" ^ sin6'*„_Bg., 

+ 2cOs{k^/2)^',„Ba 

- cr Jo COS 6'^'„c<T - Joe"^^ sin6'^'„ca- 



(3) 



Here we set tij—1 as the energy unit, a—±l denotes the 
spin up and down, respectively, a— —a. Eliminating the 
B- and C-sublattice sites, one can obtain a difference 
equation for *ao-, which is the famous Harper equation 
|23| . Because the expression of the Harper equation is too 
sophisticated to perform a help in analytical resolving the 
edge states, we turn to make a numerical calculation and 
analysis from Eq. ([3]). 
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If the system is also periodic in the y direction, the 
Haniiltonian can be rewritten in the reciprocal space. We 
use the momentum representation of the electron oper- 
ator C(i„^sa) = ^7=Eke*'^'^<""='7s<T(k). Inserting the 



one-particle state |*(k))=X;so- *sf(k)7L(k)|0) into the 
Schrodinger equation H\^)=E\'^) , we can easily obtain 
the Hamiltonian in the reciprocal space -ff(k), which is 
given by 



i7(k) = 



/ — Jo cosB 


Pi 


Pi 


i Jo sin 9 





\ 


Pi 


— Jo cos 9 


Pi 





— Joe~'^ sm9 





pi 


Pi 


— Jo cos 9 








— Joe"'"^ sin9 


—iJo sinO 








Jo cos 9 


Pi 


Pi 





— Joe*'?' sin 9 





Pi 


Jo cos 9 


pl 


V 





— Joe*"^ sin 6* 


Pi 


Pi 


Jq cos 9 J 



(4) 



where pl^~2 cos{kx / 4: + ^/Sky/A), p1^~2cos{kx/2) and 
p1^2 cos(-fc:,/4 + Viky/A). 



III. EDGE STATES AND THE HALL 
CONDUCTANCE 

Before investigating the chiral edge states and QHC of 
the 2D kagome lattice with boundaries, we simply dis- 
cuss the energy structures of this system with different 
exchange interaction Jq. Firstly in the absence of the 
exchange interaction, i.e., Jo=0, Eq. (2) becomes to be 
independent of both the spin index a and the chiral pa- 
rameter 9. In this case the two cr=t) i bands are com- 
pletely degenerate and there are only three bulk energy 
bands, between which there are no bulk energy gaps, as 
shown in Fig. 2. From Fig. 2, one can see that the lower 
energy band becomes dispersionless {E=—2), which re- 
flects the fact that the 2D kagome lattice is a line graph 
of the honeycomb structure [2J| . This flat band touches 
at k,j;=0 with the middle band, while the middle band 
touches at k^—^, ^ with the upper band. 

In the existence of exchange interaction, i.e., Jq ^ 0, 
the energy spectrum splits into two parts due to the spin- 
dependent potential. For very large values of Jq, the 
spectrum is divided into two groups of three bands, which 
is the inflnite Hund's coupling case studied in Ref. p^ . 
For nonzero but not too large values of Jq , we numerically 
calculate the energy spectrum and find that there are 
main two different phenomena for QHE happening. The 
critical value of the exchange interaction Jc depends on 
the chiral parameter 9. In the topological bulk theory 
[121, this critical value is analytically obtained, which 
reads as 

Jci9) =±2/Vl + 3cos2 6'. (5) 

Although in the present model with boundaries, the crit- 
ical value Jc (9) can not be analytically obtained, the nu- 
merical calculations tell us that the above expression of 
Jc (9) [Eq. ([5])] is also approximately valid for the present 
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FIG. 2; (Color online) The energy spectrums of the 2D 
kagome lattice (a) with boundaries along the y direction and 
(b) without boundaries. In both figures, the exchange interac- 
tion Jo=0. There are only three energy bands and there are 
no bulk gaps between them. The lower band is fiat, which 
refiects that the 2D kagome lattice is a line graph of the hon- 
eycomb structure. In Fig. 2(a), the blue lines denote the 
up-edge-state energies. 

model. In the following, we investigate the HC in both 
cases. 



A. Case I: Jo < Jc 

In the following we study the QHE of 2D kagome sys- 
tem with boundaries in both cases. First, we investigate 
the case Jo < Jc- As an example, we choose the fixed 
chiral parameter as 0=7r/3, and the exchange interaction 
as Jo=l (Jc=4/\/7 « 1.51). The number of site A (or B, 
C) in the y direction is chosen to be ij^=31. By numeri- 
cal calculating Eq. ([3]), we draw in Fig. 3(a) the energy 
spectrum in this case. From this figure, one can clearly 
see that the two groups of three bulk bands are not com- 
pletely divided (i.e., there is no Mott gap) and there are 
two bulk gaps appearing. The range of the lower energy 
gap is between —2.68 and —2.6, and that of the higher 
energy gap is between 1.1 and 1.4, which are enlarged in 
Figs. 3(b) and 3(c), respectively. 
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In the topological edge theory [3] , when the Fermi en- 
ergy lies in one energy gap, the HC of the system is given 
by the winding number of the edge states /, cr^^se__ e_ j 
The winding number is given by the number of the inter- 
section between the canonical loop on the Riemann 
surface (the complex energy surface) and the trace of 
the edge-state energy ^i. Although in present model, 
the Riemann surface is more sophisticated than that in 
the infinite Hund's coupling case [l^, we can follow the 
analysis in the previous work [l9j to discuss the winding 
number of the edge state. Because the analytical process 
is same as that in the strong Hund's coupling case, here 
we only present the results as the following: 

The winding number of the edge states is given by the 
sum of the intersection number between the Fermi energy 
Cf and the energies of the down (or up) edge state in 
one period. The down (or up) edge states refer to the 
eigenstates which are localized near the down (or) up 
boundaries of the sample. The intersection number is 
obtained as: In the left neighboring of the intersection, if 
the down-edge-state energy is connected with the lower 
energy band, or the up-edge-state energy is connected 
with the upper energy band, the intersection number is 
given by If not, it is given by "—1". 

Now with the above results, we investigate the HC of 
the system. From Fig. 3(b), one can see that when the 
Fermi energy e/ lies in the lower gap (LG), there is only 
one intersection between e/ and the down edge-state en- 
ergy, which is labeled as A in Fig. 3(b). In the left neigh- 
boring of the intersection A, the down edge-state energy 
is connected with the lower band. So the winding number 
of the edge state is Ii=+1. With the same method, one 
can find in Fig. 3(c) there are four edge-state energies 
lie in the higher gap (HG). When the Fermi energy e/ 
lies in the HG, there are two intersections (labeled as B 
and C in Fig. 3(b)) between ey and the down edge-state 
energies. Because in the left neighboring of the intersec- 
tions, the down edge-state energies are connected with 
the lower band, we can obtain that the winding number 
of the edge states is l2=+2. According to the topological 
edge theory, we can get the QHC as 

^cdgc ^ f -y^i -it;' e/ e the lower gap .g. 

I — — —2^, ^ the higher gap ' ^ ' 

To check the above results, we recalculate the energy 
spectrum and the HC of the 2D kagome lattice without 
boundaries within the topological bulk theor y. T his sys- 
tem has been studied by Taillefumier et al. [22]. In the 
bulk theory, when the Fermi energy e/ lies in the energy 
gap, the HC of the system in units of e^/h is given by 
the sum of the Chern numbers of all the occupied en- 
ergy bands [3|: <7xy^^=ir^'n=i The Chern number 
of the n-th band is defined as Cn=^ J flf^^^cPk, where 
^nk=^k X A„k, and A„k=-«("nk| Vu„k) is the geomet- 
ric vector potential. With the Hamiltonian in the mo- 
mentum representation -ff(k) [Eq. Q], after a straight- 
forward numerical calculation, one can obtain the Chern 




FIG. 3: (Color online) (a) The energy spectrum of 2D kagome 
lattice with edges along the y direction. The parameters are 
chosen as Jq — 1, S=7r/3. The shaded areas are energy bands 
and the lines are the spectrum of the edge states. In this 
case, there is no Mott gap and there are two energy gaps, 
which are enlarged in (b) and (c). In (b) and (c), the red and 
blue lines correspond to the down and up edge-state energies, 
respectively. 




FIG. 4: (a) The energy spectrum of the 2D kagome lattice 
without edges. The parameters are same as that in Fig. 3. 
(b) The Hall conductance (Jxy of this system as a function of 
the Fermi energy £/ at the temperature T=0. In both figures, 
the shaded areas are the bulk energy gaps. 



numbers are —1, 3, —2, —2, 3, —1 from the lowest to 
the topmost band. So, when the Fermi energy lies in 
the LG, o'Ky"^=x^i~~7r' '^l^cn the Fermi energy lies in 
the HG, cr^y"'=xELiC»=-2^. Compare with Eq. 
del), one obtain that cr^^so^crj!^;"^. In Fig. 4(b), we plot 
the HC as a function of the Fermi energy using the 

finite-temperature formula o'xy—^J^n^ I fnk^nk'^'^^' 
where /„k is the Fermi distribution function. From this 
figure, one can see that when the system is in the insu- 
lating state, the HC is quantized. In the LG, the con- 
ductance is <7xy=—j;^, and in the HG, the conductance 
is cFxy——^- Fig. 4(a) plots the energy spectrum of the 
system without boundaries. 

Note that in the strong Hund's coupling limit [19| , the 
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non-zero QHC only takes two values, ±77- ^ 
novel result that the HC can take the value ±^ in the 



weak Hund's coupling. 



B. 



Case II: Jo > Jc 



Then we consider the other case, in which Jq > Jc- As 
an example, we choose the fixed chiral parameter 9='k/?i 
and the exchange interaction Jo=2. The number of sites 
A (or B, C) in the y direction is also chosen to be Ly=31. 
With Eq. ([2]), we plot in Fig. 5(a) the energy spectrum of 
the 2D kagome lattice with boundaries. From Fig. 5(a), 
one can find that there are four gaps in this case. We call 
them G-I, G-II, G-III (which is the Mott gap), and G-IV 
corresponding to that between —3.54 and —3.36, between 
—2.0 and —1.65, between —1 and 0, and between 1.65 and 
2.0, respectively. To clearly see these gaps and the edge 
states, we enlarge the G-I, -II, and -IV in Figs. 5(b)-(d), 
respectively. 

From Figs. 5(b)-(d), one can see that when the Fermi 
energy e/ lies in the G-I (or -II, -IV), there is only 
one intersection between e f and the down edge-state en- 
ergy, which is labeled as point A (B, C) in Fig. 5(b) 
(5(c), 5(d)). In the left neighboring of the intersection 
A (B), the down edge-state energy is connected with the 
lower band. So the winding number of the edge state 
is -^1(11)=+ 1- But in the left neighboring of the intersec- 
tion C, the down edge-state energy is connected with the 
upper band. The winding number of the edge state is 
I1V——I. By the way, since there is no edge-state energy 
lies in the Mott gap, there is no intersection between e/ 
and the left edge-state energy when e/ lies in the Mott 
gap, and correspondingly, the winding number is /in=0. 
So, with the topological edge theory, one can easily ob- 
tain that when the Fermi energy e / lies in the bulk gaps, 
the QHC is 
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FIG. 5; (Color online) (a) The energy spectrum of 2D kagome 
lattice with edges along the y direction. The parameters are 
chosen as Jo=2, 6=7r/3. The shaded areas are energy bands 
and the lines are the spectrum of the edge states. In this case, 
there is a Mott gap. Besides that, there are three other energy 
gaps, which are enlarged in (b), (c) and (d). In (b)-(d), the 
red and blue lines correspond to the down and up edge-state 
energies, respectively. 
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FIG. 6: (a) The energy spectrum of the 2D kagome lattice 
without edges. The parameters are same as that in Fig. 5. 
(b) The Hall conductance Oxy of this system as a function of 
the Fermi energy e/ at the temperature r=0. In both figures, 
the shaded areas are the bulk energy gaps. 



Similar to the discussion in case-I, to check the above 
results, we also recalculate the HC of the correspond- 
ing 2D kagome lattice without boundaries. After a 
straightforward numerical calculation, one obtains that 
the Chcrn numbers are —1, 0, 1, 1, 0, —1 from the lowest 
to the topmost band. When the Fermi energy tf lies in 
G-I, only the lowest band is fully filled. So the HC is 
cri'^'iii^=^Ci=-^; When e/ lies in G-II, the lowest two 

bands are fully occupied, 0]^^'^'-'^^=.^ {Ci + €2)^-^;;] 

When e/ lies in the Mott gap, cr™''^""^=^ Y.l=i Cn=0; 
When £/ lies in G-IV, the lowest four bands are fully oc- 
cupied, 4I'^"''^=^ELiCn = ^. Comparing with Eq. 
dZD, one can also obtain that cr^dge^^buik^ j^^ ^ig. 6(b) we 
plot the HC as a function of the Fermi energy e/. From 
this figure, one can see Uxy is similar to that in the strong 



Hund's coupling limit. The strength Jq is more larger, 
the results more tend to those in the strong Hund's cou- 
pling limit. Fig. 6(a) plots the energy spectrum of the 
system without boundaries. 



IV. SUMMARY 

In summary, in this paper we have studied the chi- 
ral edge states and the QHC of the 2D kagome lattice 
with spin anisotropics included in a general Hund's cou- 
pling region. This system is periodic in the x direction 
but has two edges in the y direction. By numerical cal- 
culation, we find that both the strength of the Hund's 
coupling and the spin chirality affect the edges states 
and the corresponding QHC. Upon varying the chirality 
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and the strength of the Hund's couphng, two types of 
phenomena occur, which are distinguished by the criti- 
cal relation between these two parameters (Eq. ([5|)). A 
remarkable difference with the infinite Hund's coupling 
limit is that there are possibly four edge-state energies in 
one bulk gap in the case Jq < Jc- If the Fermi energy lies 

2 

in this gap, the HC is quantized as o'a;y=±2-^. We also 
give the corresponding expression of the QHC without 



boundaries within the topological bulk theory. Both two 
topological expressions give the same QHC. 
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